Quasinormal modes of black holes were previously calculated in nonlinear electrodynamics and in Gauss-Bonnet theory. Here we take into consideration both of the above factors and find quasinormal modes of a (massive) scalar field in the background of a black hole in the five-dimensional Einstein-Gauss-Bonnet gravity coupled to a nonlinear electrodynamics. For the nonlinear electrodynamics we considered the high frequency (eikonal) regime of oscillations analytically, while for the lower multipoles the higher order WKB analysis with the help of Padé approximants and the time domain integration were used. We found that perturbations of a test scalar field violate the inequality between the damping rate of the least damped mode and the Hawking temperature, known as the Hod's proposal. This does not exclude the situation in which gravitational spectrum may restore the Hod's inequality, so that only the analysis of the full spectrum, including gravitational perturbations, will show if the quasinormal modes we found here for the scalar field can be a counterexample to the Hod's conjecture or not. We also revealed that in such a system, which includes the higher curvature corrections and non-linear electrodynamics, for perturbations of a massive scalar field there exists the phenomenon of the arbitrary long lived quasinormal modes -quasiresonances.
I. INTRODUCTION
Perturbations and proper oscillation frequencies (quasinormal modes) of black holes have been thoroughly studied during past years [1] , [2] , [3] . Although the recent observation of the gravitational waves [4] is consistent with the Einstein gravity [5] , it leaves large uncertainties in determination of the geometries of observed black holes, which gives the room to various alternative theories [6] . One of such theories is predicted by the low-energy limit of heterotic string theory and implies higher curvature corrections to the Einstein gravity, given in the form of the second order of curvature (Gauss-Bonnet) term.
Nonlinear electrodynamics was introduced to avoid the divergence of the electron's self-energy in Maxwell electrodynamics. In the theories coupled to a nonlinear electrodynamics the Lagrangian density is defined in such a way that the electric field strength has an upper bound and the self-energy of the point-like charges is finite. Various optical phenomena in the background of black holes in the presence of non-linear electrodynamics were considered in [55, 56] and some constrains were suggested.
Quasinormal modes have been calculated either in various theories of nonlinear electrodynamics [7] [8] [9] [10] [11] [12] [13] [14] [15] or in Gauss-Bonnet theories in four and higher dimensions in various contexts, including astrophysics, higher dimensional gravity and AdS/CFT correspondence [16] [17] [18] [19] [20] [21] [22] [23] [24] 30] . Perturbations of black holes in the Gauss-Bonnet theory has a number of distinctive features. The decayed quasinormal modes, indicating the stability of black hole is * wwrttye@gmail.com † zdenek.stuchlik@fpf.slu.cz changed to the instability when the Gauss-Bonnet coupling constant is not small [19, 20, 29] and the instability develops at high multipole numbers ℓ, leading to the breakdown of the well-posedness of the initial value problem. The mode which induces the instability is purely imaginary and non-perturbative in the Gauss-Bonnet coupling constant [22, 31] which, in some cases, is important for the description of quantum systems at intermediate coupling via guage/gravity duality [31] . For asymptotically flat black holes in the Einstein-Gauss-Bonnet theory this instability cuts off large deviations from the Schwarzschild black holes. Another interesting feature of perturbations of higher curvature corrected black holes is the breakdown of the correspondence between the null geodesics and eikonal quasinormal modes [32] claimed earlier in [33] . We are interested to know how quasinormal modes are affected once both of the factors, the Gauss-Bonnet theory and nonlinear electrodynamics are turned on. Another interesting problem is related to the existence of arbitrarily long lived quasinormal modes for massive fields, called quasi-resonances which were first observed in [38] and further investigated for Schwarzschild and Kerr black holes in [34] , [36] and shown to exist not only for massive scalar, but also for massive vector [35] and Dirac fields [37] . At the same time, there are situations in which quasi-resonances do not exist, for example, for asymptotically de Sitter black holes [34] . Even though quasi-resonances were observed in the higher dimensional Einstein-Gauss-Bonnet theories [39] , it is not clear whether the same phenomena will take place for the case of non-linear electrodynamics.
After all, an exciting proposal was suggested by S. Hod who claimed that there is an upper bound on the damping rate of the fundamental mode in the spectrum of any black hole which is determined by the Hawking temperature [51] . This bound has been recently confirmed for a number of cases, including the test fields [24] and some channels of gravitational perturbations [20] in the Einstein-Gauss-Bonnet theory, but not for black holes within the non-linear electrodynamics.
Interesting model of Einstein-Gauss-Bonnet gravity in the framework of the non-linear electrodynamics has been suggested in [45] , where new five-dimensional charged (in general, asymptotically A(dS)) black hole solutions were obtained. These solutions include alongside with extremal charged black holes also regular (singularityfree) black holes. Therefore, these black holes would be an interesting model for testing a number of distinctive features of black holes via their quasinormal spectrum: checking the Hod's proposal, analysis of deviation of quasinormal modes from their Eintein-Gauss-Bonnet values owing to non-linear electrodynamics, looking at the null geodesics/eikonal QNMs correspondence, etc. Having all of the above motivations in mind we plan to analyse (both numerically and analytically) quasinormal modes of the charged Einstein-Gauss-Bonnet black hole within non-linear electrodynamics.
The paper is organized as follows. Sec. II gives the essential information about the black hole metric under consideration. In Sec. III we deduce the wave equation for a test massive scalar field and discuss the boundary conditions. Sec. IV review briefly the WKB method we used, while in sec. V we summarize the obtained results for the quasinormal modes. Sec. VI is devoted to the checking of the Hod's proposal and sec. VII shows that there is an indication of quasi-resonances in the spectrum of massive fields. Finally, in sec. VIII we summarize the obtained results and mention some open problems.
II. METRIC AND ITS SPECIAL CASES
The five-dimensional Einstein-Gauss-Bonnet gravity coupled to a non-linear electromagnetic field is described by the action
where Λ is the negative cosmological constant related to the AdS curvature radius as
L GB is the Gauss-Bonnet term given by
α denotes the Gauss-Bonnet coupling constant (restricted to the non-negative case due to α being regarded as the inverse string tension in the heterotic string theory) and L (F ) is the function of the invariant
is the field strength of the electromagnetic field A µ . Using the relations
and considering
where k 0 is a coupling constant of the non-linear electrodynamics, one can obtain the corresponding Lagrangian in the following expansion form:
The metric obtained in [45] reads
where .
In the limit l → ∞ we have asymptotically flat spacetime, so that the metric function has the form
If we take additional limit α → 0 the metric function reads
Note that if k → 0, usual Maxwell electrodynamics is restored and from (10) we obtain the Wiltshire black hole solution
and from (11) we obtain the Reissner-Nordström black hole
with m = 2M and q = Q √ 3. Finally, in the limit q → 0 from (12) we get the Boulware-Deser black hole solution
and from (13) we get the Schwarzschild solution
III. THE WAVE EQUATION
We consider scalar perturbations of a black hole spacetime. For the scalar test field Φ of mass µ these perturbations can be represented by general Klein-Gordon equation
This equation can be written explicitly in the background of the metric g µν :
Taking the function Φ in the form
where ℓ is the multipole quantum number for the usual spherical harmonics Y ℓ (θ, φ), we obtain Schrödinger-like equation
with respect to the "tortoise coordinate" r * , mapping the event horizon to −∞, Solving this equation with strictly fixed boundary conditions: only incoming waves at the horizon (r * → −∞) and only outgoing waves at infinity (r * → +∞), we find quasinormal modes of the black hole. That means we obtain a discrete set of complex values for the frequencies ω, where the real part is the oscillation frequency and imaginary part is proportional to the damping rate of the oscillations. The five-dimensional scalar effective potential for the metric (9) is given by (see for example, [16] ) 20) and has the form of the potential barrier (see, for example, Fig. (1) ).
IV. THE METHODS

A. WKB method
The WKB method, which was first used for finding quasinormal modes in the work of Schutz and Will [46] , proved to be very effective and gained rapid development in numerous papers. It quickly became extremely popular due to its good accuracy and automaticity.
For finding quasinormal frequencies we use higherorder WKB formula [46, 47, 49, [52] [53] [54] :
where K takes half-integer values
n = 0, 1, 2, 3 . . . .
The corrections A k (K 2 ) of order k to the eikonal formula are polynomials of K 2 with rational coefficients and depend on the values V 2 , V 3 . . . of higher derivatives of the potential V (r) in its maximum (but not on the value V 0 of the potential V (r) itself), whence the righthand-side of (21) does not depend on the value of ω.
It is well known that, as WKB method converges only asymptotically, the higher order of the WKB formula does not guarantee improving of the results. To increase accuracy of the higher-order WKB formula, we follow Matyjasek and Opala [49] and use Padé approximants [50] . For the order k of the WKB formula (21) we define a polynomial P k (ǫ) as follows
whence the squared frequency is obtained for ǫ = 1:
For the polynomial P k (ǫ) we construct rational functions
called Padé approximants, withñ +m = k, such that near ǫ = 0
It appears in practice that for finding fundamental mode (n = 0) Padé approximants withñ ≈m give the best approximation. In [49] , P 6/6 (1) and P 6/7 (1) were compared to the 6th-order WKB formula P 6/0 (1). In [47] it has been observed that usually even P 3/3 (1), i. e. a Padé approximation of the 6th-order, gives a more accurate value for the squared frequency than P 6/0 (1). We use this observation to find appropriate Padé partition for different ℓ and extrapolate it to our case.
B. Time domain method
For the ℓ = n = 0 mode the error of the WKB method is usually larger than the effect, therefore we have to use the time domain integration of the perturbation equations instead. We shall integrate the wave-like equation rewritten in terms of the light-cone variables u = t − r * and v = t + r * . The appropriate discretization scheme was suggested in [48] :
where we used the following designations for the points: N = (u + ∆, v + ∆), W = (u + ∆, v), E = (u, v + ∆) and S = (u, v). The initial data are given on the null surfaces u = u 0 and v = v 0 . As the ℓ = 0 mode is characterized by a relatively short period of quasinormal ringing, it is difficult to extract the values of the frequencies with good accuracy, so that we write down only three digits after the point for ω. 
V. QUASINORMAL MODES
We start with the limit α → 0 and find quasinormal modes depending on q (starting from zero) for different k (starting from zero). That means the lowest line on Fig. (2) -(7) (corresponding to k = 0) shows QNMs for the Schwarzschild black hole (k = 0, q = 0) and for the Reissner-Nordström black hole (k = 0, q = 0), the higher lines standing for the nonlinear electrodynamics of the charged (excluding the values on the vertical axis) black holes.
Adding Gauss-Bonnet term, we fix q = 1.2 and take α not greater than 2.5 to avoid the eikonal instability, which is known for the five-dimensional GB theory for neutral black hole [19, 40, 41] and for charged case within Maxwell electrodynamics [42, 43] and is, therefore, highly expected for large values of the GB coupling constant in our case. Thus the lowest line on Fig. (8) - (13) (corresponding to k = 0) shows QNMs for the Reissner-Nordström black hole (k = 0, α = 0) and for the Wiltshire black hole (k = 0, α = 0). Note that for ℓ = 0 we used time-domain method as it gives more accurate values for quasinormal frequencies.
As can be seen from Table I , the WKB data and results of time-domain integration are in a good concordance in the common region of their applicability.
The obtained results show that when the Gauss-Bonnet coupling is turned on, the real oscillations frequency and the damping rate decrease, while the coupling due to non-linear electrodynamics increases real and imaginary parts of the quasinormal modes. This influence is rather noticeable and may come to tens of percents.
In the limit α → 0, that is in the case of the metric (11), using the general approach suggested in [44] , we obtain the following eikonal formula for the squared frequency: 
where k is sufficiently small and ℓ is large. Here r 0 is the position of the maximum of the effective potential. Our numerical computations both in time and frequency domains confirm the validity of the above eikonal formula when the multipole number is sufficiently large.
VI. THE HOD'S PROPOSAL
In [51] Hod set forth the following statement about the damping rate of the fundamental oscillation: in the spectrum of any black hole's quasinormal modes there always must exist a frequency ω such that
where T H is the Hawking temperature of the black hole. The Hawking temperature for our case can be written as
where r h is the radius of the event horizon.
To check the Hod's proposal we have to analyse the spectrum of all the fields, including gravitational perturbations. That is why, although, as one can see on Fig. (14) , starting from certain value of parameter q, the Hod's conjecture seems to be broken, it is not the final answer because here we consider scalar test fields only. However, the fact that the test scalar field formally violates the inequality motivates further study of gravitational spectrum of these black holes.
VII. QUASIRESONANCE
It was shown in [34] that for the massive scalar field there exists a phenomenon of so-called quasiresonance. This means that when the mass of the field increases the damping rate of the lower overtones decreases, which causes the appearance of the infinitely long lived modes, and after some threshold value of the mass the lower overtones disappear from the spectrum. On the contrary, all the remaining higher overtones are still damping.
Figs. (15) and (16), showing dependance of the real and imaginary parts of the fundamental mode on the mass µ, indicate that for the considered case of the massive scalar field in the five-dimensional Einstein-Gauss-Bonnet gravity coupled to a nonlinear electrodynamics the phenomenon of quasiresonance exists.
The WKB method we used here cannot be used in the regime of quasi-resonances, but, as was shown in [37] , it still works when ℓ is much larger than µM , so that the extrapolation of the WKB data can clearly indicate the existence of quasi-resonances.
VIII. CONCLUSIONS
We found the quasinormal modes of a massive scalar field in the background of the five-dimensional, charged Einstein-Gauss-Bonnet black hole coupled to a nonlinear electrodynamics and answered the number of appealing questions:
• We computed quasinormal modes of a test massive scalar field in the background of the charged asymptotically flat Einstein-Gauss-Bonnet black hole within the non-linear electrodynamics. We used the higher order WKB method with Padé approximants and the time-domain integration. Both methods are in good concordance in the range of their validity. In the eikonal regime an analytical treatment was done for QNMs.
• We found that the inequality proposed by Hod is formally violated for the test scalar field in this theory, which means that the gravitational perturbations must be considered to check the proposal.
• It has been shown that there is a clear indication of existence of arbitrarily long lived quasinormal modes, quasi-resonances, which means that, apparently, the scope of phenomenon of quasi-resonances is broader than it was known before.
• When the Gauss-Bonnet coupling is turned on, the real oscillations frequency and the damping rate decrease, while the coupling due to non-linear electrodynamics increases real and imaginary parts of the quasinormal modes. This influence is rather noticeable and may come to tens of percents.
